The spectrum of electron-phonon complexes in a monolayer graphene is investigated in the presence of a perpendicular quantizing magnetic field. Despite the small electron-phonon coupling, usual perturbation theory is inapplicable for calculation of the scattering amplitude near the threshold of the optical phonon emission. Our findings beyond perturbation theory show that the true spectrum near the phonon emission threshold is completely governed by new branches, corresponding to bound states of an electron and an optical phonon with a binding energy of the order of αω0 where α is the electron-phonon coupling and ω0 the phonon energy.
Introduction -Observation of the quantum Hall effect [1, 2] in graphene [3] has stimulated extensive investigations of the quantized motion of massless Dirac fermions in a perpendicular magnetic field [4] [5] [6] [7] [8] . Particularly, electron-phonon interaction phenomena have become a subject of active theoretical [9] [10] [11] [12] and experimental [13] [14] [15] [16] study. The density of states of both electrons in Landau levels and optical phonons with their weak dispersion shows strong delta-function peaks, which result in sharp resonance structures in the absorption spectra, tunable with the magnetic field and useful for future device applications.
A unique feature of the graphene single-particle spectrum is that the carrier Fermi velocity v F ≈ 1.15 × 10 6 m/s is independent of its energy. As a result, the application of a perpendicular magnetic field B quantizes the electronic Dirac spectrum into nonequidistant chiral Landau levels, ε µn = µ √ nω B , which include also a characteristic zero-energy state [17] [18] [19] . Here µ = ±1 denotes the electron chirality and n = 0, 1, 2, . . . the Landau quantum number, ω B = √ 2 v F / B is the magnetic energy and B the magnetic length that determines the localization scale of the electron cyclotron motion. This picture of Landau quantization in graphene is well established, e.g. by direct observation using scanning tunneling spectroscopy [7, 8, 13] .
In addition to these Landau levels, recently Ref. 20 has proposed a new sequence of discrete states in graphene at energies ε µn ±ω 0 , corresponding to the emission or absorption of optical phonons with energy ω 0 . According to this concept, based on perturbation theory, phononassisted electron transitions between two different Landau levels can manifest themselves as peaks in the density of states at frequencies ε µ n − ε µn ± ω 0 . These transitions involve optical phonons, which exist but do not interact with electrons. In the present paper we show that even for small electron-phonon coupling, α, the true spectrum in graphene in a perpendicular quantizing magnetic field develops a fine structure in the neighborhood of the phonon emission threshold, ε c µn = µ √ nω B + ω 0 , due to the formation of new spectral branches, corresponding to bound states of an electron and of an optical phonon. Therefore, electronic transitions should involve these bound states and should occur not at the phonon emission threshold energy ε c µn but above and below it at the characteristic scale of the binding energy, W gr = αω 0 (see Fig. 1(left) ) [21] . The bound states of electron and optical phonon were first proposed for bulk semiconductors in Ref. 22 and it is important to note that no resonance situation is required for the formation of the bound states. In graphene the electron-phonon binding energies are of both signs because no continuum exists in the electron+phonon system in the presence of the magnetic field and the bound states appear both below and above the phonon emission "threshold". The strength of electron-phonon coupling in graphene α ∼ 0.02 [23] while the phonon energy ω 0 ≈ 196 meV and we find that the binding energy should be of the order of W gr = 4 meV. Because of its different functional dependence on the coupling constant α, the the binding energy in graphene is much larger than that in bulk arXiv:1206.5107v2 [cond-mat.mes-hall] 19 Nov 2012 samples [24] or in graphene samples in the absence of a magnetic field [25] . In conventional two dimensional electron systems the binding energy scale in a magnetic field has the same functional dependence on α [26] , however due to the larger phonon energy, W gr is substantially larger in graphene than binding energies in InSb (W 2D = 0.5 meV) and GaAs (W 2D = 2.5 meV) structures, extensively studied in experiment [27, 28] . Our calculations show that the dependence of the binding energy in graphene on the magnetic field is weaker than that in conventional systems and for ø B ∼ ø 0 actual binding energies vary within 5 − 15 meV that is fully measurable. Moreover in graphene in such moderate fields, the bound states can be located between the zero and first Landau levels with µ = +1 (see Fig. 1 (left)) and this creates an additional possibility that the splitting of the absorption peak can also be observed in combined resonance absorption with a participation of the zero Landau level. In this case the light frequency ø can substantially differ from the frequency of transverse optical phonons, near which the lattice reflection is important [29, 30] . This in its turn facilitates the experimental observation of the bound states in graphene.
In experiment the bound states will manifest themselves in the absorption spectrum of the cyclotronphonon resonance [31, 32] . Upon absorbing a photon of frequency close to ν = ε µ n − ε µn + ω 0 , an electron is transferred from the initial Landau level µn to the final state µ n and simultaneously it creates an optical phonon, which is bound to the electron in its final state. This process results in a fine structure of the cyclotronphonon resonance spectrum S(ν), which for n = n and µ = µ is shown in Fig. 1 (right). Instead of a single delta-function peak at ν = ω 0 , the absorption spectrum constitutes an asymmetric doublet around the phonon frequency ω 0 with a splitting of the peak determined by ν − ω 0 ∼ W gr [33] .
Threshold approximation and diagrammatic technique -We calculate the spectrum of the electron-phonon bound states from the poles of the electron-phonon scattering amplitude Σ(ε) with respect to the energy parameter ε, corresponding to the total energy of the electron and phonon [34] . Despite the weak bare electronphonon coupling, the effective electron-phonon interaction is strong in the energy range close to the phonon emission threshold ε c µn where the density of final states of the electron+phonon system diverges. Therefore, the calculation of Σ(ε) by means of perturbation theory is not applicable [see the review papers in Ref. 30 ]. The exact electron-phonon scattering amplitude satisfies the Dyson type integral equation, drawn in Fig. 2 , in which we have explicitly separated a "dangerous" intersection near the threshold with respect to one electron and one phonon line. Such an intersection corresponds to the emission of an almost real optical phonon and results in a singular term, which is responsible for the enhancement of the ef- fective electron-phonon coupling and for the formation of the electron-phonon bound states.
The diagrammatic equations in Fig. 2 are depicted in a gauge invariant diagrammatic technique (details about this technique can be found in the Supplementary information and in Refs. 30 and 35) . The filled and open squares correspond to the exact, Σ µn,µ n (ε|q, q ), and the bare, µn,µ n (ε|q, q ), electron-phonon scattering amplitudes, the internal solid and dashed lines to the exact electron and phonon Green functions, G µn (ε) and D(ø, q). All these quantities do not depend on the electron gauge non-invariant quantum number k y , i.e. on the choice of the vector potential gauge. In the "dangerous" intersection in the second term of the rhs of the diagrammatic equation for Σ(ε) in Fig. 2 , we can at low temperatures replace the exact phonon Green function by a free phonon propagator. After taking the integration over the phonon energetic parameter ω, it is replaced by the phonon energy ω 0 . Then, the integral equation for Σ(ε) in Fig. 2 can be written analytically as Σ µn,µ n (ε|q, q ) = µn,µ n (q, q ) + μ,n,q µn,μn (q,q) (1)
Here the exponential factor appears due to the gauge non-invariant part of the electron-phonon vertex (see Eq. 3 and the Supplementary information for details). The phase ∆χ = 
Therefore, in the sum in Eq. (1) over the electron internal quantum numbersμ,n only the singular term withμ = µ andn = n should be retained in the neighborhood of the phonon emission threshold ε ≈ ε c µn . The central quantity in Eq. (1) is the bare amplitude µn,μn (q,q), which has no "dangerous" intersection with respect to one phonon and one electron line and therefore can be calculated within perturbation theory. In the lowest order in α, the two diagrams shown in Fig. 2 contribute to µn,μn (q,q). The bold dots represent the bare electron-phonon vertices γ(q), which we calculate in Supplementary information. For longitudinal optical phonons we find
where L is the normalization length, φ = φ q the polar angles of the vector q. The gauge-invariant part of the vertex is n−m Q mn (t). For either n = 0 or m = 0 the form factor Q nm (t) with a negative index is identically zero, which means that in graphene the electron-phonon matrix elements between the zero-energy Landau states vanish identically, P µ0,µ 0 (t) ≡ 0.
As seen from Eq. (3), the gauge non-invariant part of the electron-phonon interaction vertex in graphene is the same as the one in conventional electron systems with parabolic dispersion [36] . Consequently, it allows us to apply the rules of the gauge invariant diagrammatic technique for conventional systems from Ref. 35 when calculating the electron-phonon scattering amplitude Σ(ε) in graphene. We just replace the gauge invariant form factor Q nm (t) by P µn,µ n (t).
Dispersion equation of electron-phonon bound statesTo find the spectrum of the bound states it suffices to consider the amplitude Σ(ε) with the µ = µ and n = n external electron lines. After the above simplifications we can also eliminate the phase factor ∆χ in Eq. (1) by introducing a symmetric definition for the scattering amplitude Σ (ε|q, q ) = exp −i 2 B 2 [q, q ] Σ(ε|q, q ) (similarly for (q, q )). These primed quantities will depend only on the difference of the polar angles φ = φ q − φ q of the vectors q and q .
Therefore, we find that the Fourier components Σ 
Here we define the dimensionless amplitudes,
2 b is the capacitance of the Landau level allowing for two spin orientations, g s = 2, and for the valley degeneracy, g v = 2. We introduce also the function Λ µn (ε) =α 4π
which determines the effective electron-phonon interaction in the energy region near the threshold ε c µn with the renormalized coupling strengthα = αω B /ω 0 . As seen the amplitude R l µn (ε|t, t ) is the resolvent of the inhomogenous Fredholm integral equation (5) with the kernel K l µn (t, t ), which we can write explicitly as
Here σ = ω 0 /ω B , J l (t) is the Bessel function, and δ l,m is the Kronecker delta. Hence the resolvent R tal angular momentum l of the electron rotation around the magnetic field, which takes both non-negative and negative integer values. For a given l there exists a sequence of bound states, labeled by the index r. The latter emerges due to the integral nature of the equation for the scattering amplitude Σ(ε). Because the dispersion of the optical phonon is negligibly small, the energy in the "dangerous" intersection does not depend on the phonon momentum q: all intersections with different q are singular and phonons with any q participate in the formation of the bound states.
Binding energies of electron-phonon bound statesThe analysis of the eigenvalue problem for the kernel (7) shows that in high magnetic fields (σ 1) the leading order in σ −1 contribution to the sum in (7) comes from the term ν = µ and m = n. Hence, in this regime the effective electron-phonon coupling for electrons from the n = 1 Landau level, P µ1,µ1 (t), (recall for n = 0 the electron-phonon vertex P µ0,µ0 (t) = 0) determines the kernel
which is independent of the chirality µ. The eigenvalues even of this simplified kernel cannot be found analytically. However, the parameter σ enters in the kernel as a factor so its eigenvalues are given by λ 
, which we calculate numerically and summarize in Table I . Thus, in this strong field regime the binding energies are given by W l r = αω 0 /(σ 2 κ l r ), which increase linearly with B and decrease rapidly with r, asymmetrically on both sides of the threshold. In weak magnetic fields (σ 1) the spacing (
2 between adjacent Landau levels m and m + 1 around the phonon emission threshold becomes smaller than the scale of the binding energy W ∼ αω 0 . Therefore, in graphene already for 1/ √ 2α σ ∼ √ m Landau levels form a quasicontinuum, which hinders the formation of the bound states in such weak fields.
For arbitrary magnetic fields we calculate the binding energy of bound states numerically from the full kernel 
(7)
. Near the resonances ε µ n − ε µn = ±ω 0 between the bare graphene Landau levels, electron-phonon hybrid states are formed in the spectrum, which have a much larger binding energy scale of the order of √ αω 0 . These resonance states can be obtained within perturbation theory from the poles of the single-or two-particle Green function (but from the poles of the scattering amplitude) and determine the structure of the magnetophonon resonance. This effect has been recently studied in Refs. 9 and 10 and is here excluded from the consideration. Far from the resonances the spectrum is completely governed by the electron-phonon bound states (8) , which determine the fine structure of the cyclotronphonon resonance (cf. Fig. 1 (right) ). In Fig. 3 we plot the binding energies W In conclusion, we have calculated the electronic spectrum in a monolayer graphene in a perpendicular magnetic field. It is shown that the true spectrum near the optical phonon emission threshold consists of new branches of electron-phonon bound states, which will manifest themselves in the absorption spectrum as an asymmetric doublet around the threshold energy.
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